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Abstract—Fresnel coefficients for three-layered uniaxially anisotropic
media with arbitrarily oriented optic axes have been obtained using
half-space reflection and transmission coefficients. The optic axes of
the anisotropic media are assumed to be tilted at different angles ((ψi,
χi), i = 1, 2). This gives arbitrary orientation for anisotropic medium
in the stratified configuration. The half space coefficients are derived
at the boundary surfaces of two different media including isotropic-
anisotropic, anisotropic-anisotropic, anisotropic-isotropic interfaces
with the application of boundary conditions. The interface between
two media for the three-layered media leads to four different cases
of wave propagation, which are analyzed in detail. The results are
compared with the existing results in the limiting cases analytically.
The results presented in this paper can be used to establish dyadic
Green’s functions, which can be used to calculate radiation and
scattering from the stratified structure.
1. INTRODUCTION
The material characteristics are very important in the development of
high performance devices at the microwave ranges. Recent advances
in technology dictate use of materials with superior electrical and
magnetic properties. Anisotropic materials are among the materials
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that have such properties [1–3] and provide design flexibility to have
better performing microwave devices.
Composite and layered structures involving anisotropic materials
have been commonly employed in electromagnetic problems including
scattering and radiation [4–13]. The better device performance
is obtained if the electromagnetic properties of the medium are
known. Electromagnetic properties of a medium in layered or
single layer configuration is best-understood with the calculation
of Fresnel reflection and transmission coefficients for the structure
under consideration. In addition, wave amplitudes for the existing
polarization in each layer can also be found using Fresnel coefficients.
However, it is mathematically tedious to obtain closed form of Fresnel
coefficients for multi-layered media. In the multilayer configuration, n
layer has (n+ 1) boundaries, which gives (2n+ 2) linear equations. If
some of the layers are anisotropic, this increases the complexity of the
problem. There has been some study on the derivation of Fresnel
coefficients for multilayer structures in the literature for isotropic
and anisotropic media. The closed form expressions for two-layered
uniaxially anisotropic media with an arbitrarily oriented optic axis
when the optic axis is tilted only in one direction is given in [5].
In [5], two-layer reflection and transmission coefficients are obtained
in terms of half space coefficients using matrix method. The two-
layer configuration in [5] has isotropic-anisotropic and anisotropic-
isotropic interfaces. A generalized form of Snell’s law for anisotropic
media is given in [14] where refraction angles are obtained numerically
when optic axis is normal to the boundary. Concept of refraction
in a more general anisotropic media which can have negative or
positive permeability and permittivity tensors have been investigated
in [15]. There has been some study on the derivation of Fresnel
coefficients for also layered and single layer biaxially anisotropic media,
metamaterials, bianisotropic and gyrotropic materials [16–22].
In this paper, Fresnel coefficients for three-layered uniaxially
anisotropic media with arbitrarily oriented optic axes are obtained
using half-space reflection and transmission coefficients. The optic
axis of the anisotropic medium in each layer is assumed to be
tilted in preferred horizontal and azimuthal directions ((ψi, χi),
i = 1, 2). This approximates more closely to the crystallographic
optic axes of sea ice [23]. The method is applied between
isotropic-anisotropic, anisotropic-anisotropic, and anisotropic-isotropic
interfaces using continuity of tangential components of electric and
magnetic field vectors. Wave amplitudes in each layer, reflection
and transmission coefficients for an incident wave with an arbitrary
polarization have been derived. The results are compared in the
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limiting cases with the existing results obtained in [5] and agreement
has been seen on all of them. The study presented in this paper can
be used in radiation, scattering and device design problem to analyze
electromagnetic properties of the medium.
2. FORMULATION OF THE PROBLEM
The geometry of the three-layered anisotropic media with arbitrarily
oriented optic axes is illustrated in Fig. 1. The optic axes for the
uniaxially anisotropic media in Regions 1 and 2 are rotated by χ with
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Figure 1. Geometry of three-layered anisotropic media.
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Figure 2. Geometry of uniaxially anisotropic medium.
66 Eroglu, Lee, and Lee
respect to the z-axis and tilted by ψ with respect to x-axis as shown
in Figs. 2(a) and 2(b), respectively. The permittivity tensor ε¯ of the
anisotropic medium in each layer after its optic axis is tilted with
respect z-axis and x-axis can be represented as
ε¯ =
[
ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33
]
(1)
where
ε11 = ε+ (εz − ε) sin2 ψ sin2 χ (2)
ε12 = ε21 = (εz − ε) sin2 ψ sinχ cosχ (3)
ε13 = ε31 = (εz − ε) sinψ cosψ sinχ (4)
ε22 = ε+ (εz − ε) sin2 ψ cos2 χ (5)
ε23 = ε32 = (εz − ε) sinψ cosψ cosχ (6)
ε33 = ε sin2 ψ + εz cos2 ψ (7)
where ε and εz are the permittivity of constants of uniaxially
anisotropic medium in x, y and z directions without rotation and
defined in the following permittivity tensor
ε¯ (o) =
[
ε 0 0
0 ε 0
0 0 εz
]
We assume two sets of medium parameters, (ε1, ε1z, χ1, ψ1), and (ε2,
ε2z, χ2, ψ2), for regions 1 and 2, respectively.
The boundary conditions at the interfaces (z = 0, z = −d1 and
z = −d2) of the three layered structure are :
_
z × E¯0 = _z × E¯1 at z = 0
_
z ×∇× E¯0 = _z ×∇× E¯1 at z = 0
_
z × E¯1 = _z × E¯2 at z = −d1
_
z ×∇× E¯1 = _z ×∇× E¯2 at z = −d1
_
z × E¯2 = _z × E¯3 at z = −d2
_
z ×∇× E¯2 = _z ×∇× E¯3 at z = −d2
(8)
Field vectors in each region have certain polarization and accompa-
nying transmission and reflection coefficients. For instance, the in-
cident wave coming from isotropic region, Region 0, upon uniaxially
anisotropic region, Region 1, can be horizontally or vertically polarized
wave and can be expressed as
E¯0= hˆ0(−k0z)ei(κ¯0·r¯)+hˆ0(k0z)R01HH ei(k¯0·r¯)+vˆ0(k0z)R01HV ei(k¯0·r¯) (9)
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for horizontally polarized incident wave or
E¯0= vˆ0(−k0z)ei(κ¯0· r¯)+vˆ0(k0z)R01VV ei(k¯0·r¯)+hˆ0(k0z)R01VH ei(k¯0·r¯)(10)
for vertically polarized incident wave. k¯0 and κ¯0 are wave vectors for
upward and downward propagating waves and hˆ0(±k0z) and vˆ0(±k0z)
are the unit vectors for horizontally and vertically polarized waves and
given by
k¯0 = kxxˆ+ kyyˆ + koz zˆ (11)
κ¯0 = kxxˆ+ kyyˆ − koz zˆ (12)
hˆ0 (±k0z) = zˆ × k¯0
kρ
=
(−xˆky + yˆkx)
kρ
(13)
vˆ0 (k0z) =
hˆ0 (k0z)× k¯0
k0
=
1
k0
[
koz (xˆkx + yˆky)
kρ
− zˆkρ
]
(14a)
vˆ0 (−k0z) = hˆ0 (−k0z)× κ¯0
k0
=
1
k0
[
−koz (xˆkx+yˆky)
kρ
−zˆkρ
]
(14b)
where kρ =
√
k2x + k2y, k0 = |k¯0| = ω
√
µ0ε0. Field vectors in
other regions are analyzed in detail in Section 3 based on the
wave polarization. It is clear at this point that field vectors have
unknown reflection and transmission coefficients for the corresponding
polarization as shown in Equations (9) and (10) and these coefficients
can be calculated by application of boundary conditions such as the
one given in Equation (8). The solution of six linear equations given
in (8) leads to a total of twenty four reflection and transmission
coefficients as given by Equations (15) and (16). Hence, Equations (15)
and (16) represent reflection and transmission coefficients for three-
layered uniaxially anisotropic medium with arbitrarily oriented optic
axes.
R=
[
RHH RVH
RHV RVV
]
, T =
[
XHH XVH
XHV XVV
]
, D1=
[
AHo AVo
AHe AVe
]
(15)
U1=
[
BHo BVo
BHe BVe
]
, D2=
[
CHo CVo
CHe CVe
]
, U2=
[
DHo DVo
DHe DVe
]
(16)
Here, the subscripts H and V refer to horizontal and vertical
polarizations in isotropic medium, and the subscripts o and e refer
to ordinary and extraordinary waves in uniaxial medium. It is
analytically quite time consuming to obtain the closed form of the
coefficients in (15) and (16). Therefore, we adopt the solution method
proposed in [4] which is based on representation of Fresnel reflection
and transmission coefficients in terms of half-space coefficients. In the
following section, the derivation of half-space coefficients is presented.
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3. HALF-SPACE REFLECTION AND TRANSMISSION
COEFFICIENTS
Let the amplitude vectors of the incident and reflected waves in
Region 0 be A and B, respectively as shown in Fig. 3. C(E) and D(F )
are amplitude vectors of the downward and upward propagating waves
in Region 1 (2), respectively. G is amplitude vector of the transmitted
wave in Region 3. Then, these vectors satisfy the following matrix
equations. [
B
C
]
=
[
R01 T10
T01 R10
] [
A
D
]
(17)[
D
E
]
=
[
R12 T21
T12 R21
] [
C
F
]
(18)[
F
G
]
=
[
R23
T23
]
E (19)
where R01, T01, R10, T10, R12, T12, R21, T21, R23 and T23 are the
half-space Fresnel reflection and transmission coefficient matrices. It
should be noted that R12, T12, R21, T21, R23 and T23 also account for
the phase difference because the boundary is shifted. From the above
F
0z =
1z = −
2z = −
d
d
Region 0
Region 1
Region 2
Region 3
Figure 3. Amplitude vectors in each region of the three-layer problem.
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matrix relationship, we obtain the following equations.
B = RA C = D1A D = U1A
E = D2A F = U2A G = TA
(20)
where R, T , D1, U1, D2, U2 are given by Equations (15) and (16).
Using Equations (17)–(20), we find
R = (R01 + T10U1)A (21)
U1 =
{
R12 + T21R23(I−R21R23)−1T12
}
D1 (22)
D1 = (I−R10 [·])−1T01 (23)
U2 = R23(I−R21R23)−1T12D1 (24)
D2 = (I−R21R23)−1T12D1 (25)
T = T23(I−R21R23)−1T12D1 (26)
where
[·] = [R12 + T21R23(I−R21R23)−1T12] (27)
R−1 indicates the inverse of matrix R and I is a unit matrix. The half-
space reflection and transmission coefficients can now be expressed as
follows.
R01 =
[
R01HH R01VH
R01HV R01VV
]
(28)
T01 =
[
XHo XVo
XHe XVe
]
(29)
R10 =
[
Roo Reo
Roe Ree
]
(30)
T10 =
[
XoH XeH
XoV XeV
]
(31)
R12=
[
eik
o
1zd1R12ooe
iko1zd1 e−iked1zd1R12eoeik
o
1zd1
eik
o
1zd1R12oee
ikeu1z d1 e−iked1zd1R12eeeik
eu
1z d1
]
=
[
Roo1 Reo1
Roe1 Ree1
]
(32)
T12=
[
eik
o
1zd1X12ooe
−iko2zd1 e−iked1zd1X12eoe−ik
o
2zd1
eik
o
1zd1X12oee
iked2zd1 e−iked1zd1X12eeeik
ed
2zd1
]
=
[
too1 teo1
toe1 tee1
]
(33)
R21=
[
e−iko2zd1R21ooe−ik
o
2zd1 e−ikeu2z d1R21eoe−ik
o
2zd1
e−iko2zd1R21oeeik
ed
2zd1 e−ikeu2z d1R21eeeik
ed
2zd1
]
=
[
Roo2 Reo2
Roe2 Ree2
]
(34)
T21=
[
e−iko2zd1X21ooeik
o
1zd1 e−ikeu2z d1X21eoeik
o
1zd1
e−iko2zd1X21oeeik
eu
1z d1 e−ikeu2z d1X21eeeik
eu
1z d1
]
=
[
too2 teo2
toe2 tee2
]
(35)
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R23=
[
eik
o
2zd2R23ooe
iko2zd2 e−iked2zd2R23eoeik
o
2zd2
eik
o
2zd2R23oee
ikeu2z d2 e−iked2zd2R23eeeik
eu
2z d2
]
=
[
Roo3 Reo3
Roe3 Ree3
]
(36)
T23=
[
eik
o
2zd2X23oHe
−ikd23z e−iked2zd2X23eHe−ik
d2
3z
eik
o
2zd2X23oV e
−ikd23z e−iked2zd2X23eV e−ik
d2
3z
]
=
[
toH teH
toV teV
]
(37)
The exponents in (32)–(37) carry phase factors due to the shift at the
interfaces. Half-space coefficients in Equations (28)–(37) agree with
those of three-layer isotropic-anisotropic case of Nghiem et al. [24].
Substituting Equations (28)–(37) into Equations (21)–(26), we finally
obtain the following:
Rβα =R01βα+Xβo(MooPoo+MoePeo)Xoα+Xβo(MooPoe+MoePee)Xeα
+Xβe(MeoPoo+MeePeo)Xoα+Xβe(MeoPoe+MeePee)Xeα (38)
Xβα =Xβo {(Mootoo1+Moetoe1)Loo+(Mootoe1+Moetee1)Leo} toα
+Xβo {(Mootoe1+Moetee1)Lee+(Mootoo1+Moeteo1)Loe} teα
+Xβe {(Meotoo1+Meeteo1)Loo+(Meotoe1+Meetee1)Leo} toα
+Xβe {(Meotoe1+Meetee1)Lee+(Meotoo1+Meeteo1)Loe} teα (39)
Aβγ =XβoMoγ +XβeMeγ (40)
Bβγ =Xβo(MooPoγ +MoePeγ) +Xβe(MeoPoγ +MeePeγ) (41)
Cβγ =XβoNoγ +XβeNeγ (42)
Dβγ =Xβo(NooRoγ3 +NoeReγ3) +Xβe(NeoRoγ3 +NeeReγ3) (43)
where α, β = H (horizontal) or V (vertical), γ = o (ordinary) or e
(extraordinary) and others are defined as follows.
Loo =
I− See1
N1
(44)
Leo =
Seo1
N1
(45)
Loe =
Soe1
N1
(46)
Lee =
Soo1
N1
(47)
Soo1 = Roo3Roo2 +Roe3Reo2 (48)
Seo1 = Reo3Roo2 +Ree3Reo2 (49)
Soe1 = Roo3Roe2 +Roe3Ree2 (50)
See1 = Reo3Roe2 +Ree3Ree2 (51)
N1 = (I− Soo1)(I− See1)− Soe1Seo1 (52)
Soo2 = Roo3too2 +Roe3teo2 (53)
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Seo2 = Reo3too2 +Ree3teo2 (54)
Soe2 = Roo3toe2 +Roe3tee2 (55)
See2 = Reo3toe2 +Ree3tee2 (56)
Poo = Roo1+(too1Loo+toe1Leo)Soo2+(too1Loe + toe1Lee)Seo2 (57)
Peo = Reo1+(teo1Loo+tee1Leo)Soo2+(teo1Loe+tee1Lee)Seo2 (58)
Poe = Roe1+(too1Loo+toe1Leo)Soe2+(too1Loe+toe1Lee)See2 (59)
Pee = Ree1+(toe1Loo+tee1Leo)Soe2+(teo1Loe+tee1Lee)See2 (60)
Moo =
I−Qee
N2
(61)
Meo =
Qeo
N2
(62)
Moe =
Qoe
N2
(63)
Mee =
I−Qoo
N2
(64)
Qoo = PooRoo + PoeReo (65)
Qeo = PeoRoo + PeeReo (66)
Qoe = PooRoe + PoeRee (67)
Qee = PeoRoe + PeeRee (68)
N2 = (I−Qoo)(I−Qee)−QoeQeo (69)
Noo = (Mootoo1 +Moeteo1)Loo + (Mootoe1 +Moetee1)Leo (70)
Neo = (Meotoo1 +Meeteo1)Loo + (Meotoe1 +Meetee1)Leo (71)
Noe = (Mootoe1 +Moetee1)Lee + (Mootoo1 +Moeteo1)Loe (72)
Nee = (Meotoe1 +Moetee1)Lee + (Meotoo1 +Meeteo1)Loe (73)
The above coefficients are checked for the limiting cases like those of [5].
In the following sub-sections, we consider the four cases of anisotropic-
anisotropic interfaces according to the medium location (upper, lower)
and the incident wave polarization (o- or e-wave).
3.1. Ordinary Wave Incidence from Upper Anisotropic
Medium (Region 1) upon Lower Anisotropic Medium
(Region 2)
When an ordinary wave _o(−ko1z) is incident from upper anisotropic
medium (Region 1) upon lower anisotropic medium (Region 2), the
reflected wave will consist of upward ordinary wave _o(ko1z) and
extraordinary wave _e(keu1z ) in Region 1 and the transmitted wave will
consist of downward ordinary wave _o(−ko2z) and extraordinary wave
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(ked2z) in Region 2. We express E¯i, i = 1, 2, in each region as follows:
E¯1 =
_
o (−ko1z) +R12oo_o (ko1z) +R12oe_e (keu1z ) (74)
E¯2 = X12oo
_
o (−ko2z) +R12oe_e
(
ked2z
)
(75)
where R12oe is the reflection coefficient of reflected extraordinary wave
for the ordinary wave incidence from Region 1 to Region 2 and X12oe is
the transmission coefficient of the transmitted extraordinary wave for
ordinary wave incidence. R12oo and X12oo are ordinary wave reflection
and transmission coefficients, respectively. Using
_
z × E¯1 = _z × E¯2 and _z ×∇× E¯1 = _z ×∇× E¯2 at z = 0,
we obtain the following equations:
R12oo ·αi1+R12oe ·αi2+X12oo ·αi3+X12oe ·αi4=αi5, i = 1, 2, 3, 4 (76)
The equations above can be expressed as A · B = C for simplicity,
where
A=
α11 α12 α13 α14α21 α22 α23 α24α31 α32 α33 α34
α41 α42 α43 α44
 (77)
α11=
ko1z sinψ1 cosχ1 − ky cosψ1
g′u1
(78)
α12=
kxE (keu1z )− k21 sinψ1 sinχ1
D′U (k
eu
1z )
(79)
α13=
ko2z sinψ2 cosχ2 + ky cosψ2
g′d2
(80)
α14=−
kxE
(
ked2z
)− k22 sinψ2 sinχ2
D′U
(
ked2z
) (81)
α21=
(
k2y + k
o
1z
)
sinψ1 sinχ1−kx (ky sinψ1 cosχ1+ko1z cosψ1)
g′u1
(82)
α22=
k21 (k
eu
1z sinψ1 cosχ1 − ky cosψ1)
D′U (k
eu
1z )
(83)
α23=
− (k2y+ko22z) sinψ2 sinχ2+kx (ky sinψ2 cosχ2−ko2z cosψ2)
g′d2
(84)
α24=
k22
(
ky cosψ2 − ked2z sinψ2 cosχ2
)
D′U
(
ked2z
) (85)
α31=
kx cosψ1 − ko1z sinψ1 cosχ1
g′u1
(86)
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α32=
kyE (keu1z )− k21 sinψ1 cosχ1
D′U (k
eu
1z )
(87)
α33=−k
o
2z sinψ2 sinχ2 + kx cosψ2
g′d2
(88)
α34=−kyE(k
ed
2z)− k22 sinψ2 cosχ2
D′U (k
ed
2z)
(89)
α41 =
(
k2x+k
o2
1z
)
sinψ1 cosχ1−ky (kx sinψ1 sinχ1+ko1z cosψ1)
g′u1
(90)
α42=−k
2
1 (k
eu
1z sinψ1 sinχ1 − kx cosψ1)
D′U (k
eu
1z )
(91)
α43=−
(
k2x+k
o2
2z
)
sinψ2 cosχ2+ky (kx sinψ2 sinχ2−ko2z cosψ2)
g′d2
(92)
α44=−
k22
(
kx cosψ2 − ked2z sinψ2 sinχ2
)
D′U
(
ked2z
) (93)
E(Z)=kx sinψj sinχj + ky sinψj cosχj + Z cosψj , j = 1or 2 (94)
B=
B1B2B3
B4
 =
R12ooR12oeX12oo
X12oe
 (95)
C=
α15α25α35
α45

=
1
g′d1

ko1z sinψ1 cosχ1+ky cosψ1
−(k2y+ko21z)sinψ1 sinχ1+kx(ky sinψ1 cosχ1−ko1zcosψ1)
−ko1zsinψ1 sinχ1−kx cosχ1
−(k2x+ko21z)sinψ1 cosχ1−ky(kxsinψ1sinχ1−ko1zcosψ1)
(96)
Note that elements of the matrix C are from _o(−ko1z) of E¯1. Using
the Gauss elimination method [25], we can express the reflection and
transmission coefficients as follows:
X12oe =
JENE − LEME
JEPE −KEME (97)
X12oo =
LE
JE
− c14X12oe (98)
R12oe =
1
b12
{b15 − b14X12oe − b13X12oo} (99)
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R12oo =
1
α11
{α15 − α14X12oe − α13X12oo − α12R12oe} (100)
where
KE =
(
α34 − α31α14
α11
)
b12 −
(
α32 − α31α12
α11
)
b14 (101)
JE =
(
α33 − α31α13
α11
)
b12 −
(
α32 − α31α12
α11
)
b13 (102)
LE =
(
α35 − α31α15
α11
)
b12 −
(
α32 − α31α12
α11
)
b15 (103)
NE =
(
α45 − α41α15
α11
)
b12 −
(
α42 − α31α12
α11
)
b15 (104)
ME =
(
α43 − α41α13
α11
)
b12 −
(
α42 − α41α12
α11
)
b13 (105)
PE =
(
α434 − α41α14
α11
)
b12 −
(
α42 − α41α12
α11
)
b14 (106)
b12 = α22 − α21α12
α11
(107)
b13 = α23 − α21α13
α11
(108)
b14 = α24 − α21α14
α11
(109)
b15 = α25 − α21α15
α11
(110)
c14 =
KE
JE
(111)
3.2. Extraordinary Wave Incidence from Upper Medium
(Region 1) upon Lower Medium (Region 2)
Similar to the previous case, for extraordinary wave incident from
upper anisotropic medium to lower anisotropic medium, the reflected
wave will consist of upward ordinary and extraordinary waves in
Region 1, and the transmitted wave has downward ordinary and
extraordinary waves in Region 2. We have electric fields in each region
as follows:
E¯1 =
_
e
(
ked1z
)
+R12eo
_
o (ko1z) +R12ee
_
e (keu1z ) (112)
E¯2 = X12eo
_
o (−ko2z) +X12ee_e
(
ked2z
)
(113)
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For extraordinary wave incident from Region 1 to Region 2, _e(ked1z)
replaces _o(−ko1z) in Region 1 in the previous case. By using the same
boundary conditions at z = 0, we can express the equations in a matrix
form as before, i.e., A · B = C · A is the same as before but B and C
are changed as follows:
B =
R12eoR12eeX12ee
X12eo
 (114)
C =
α15α25α35
α45
 = 1
D′U (k
eu
1z )

−kxE
(
ked1z
)
+ k21 sinψ1 sinχ1
k21
(
ky cosψ1 − ked1z sinψ1 cosχ1
)
−kxE
(
ked1z
)
+ k21 sinψ1 cosχ1
−k21
(
kx cosψ1 − ked1z sinψ1 sinχ1
)
 (115)
We notice that since αi5, i = 1, 2, 3, and 4, have been changed into
new values, b15, LE and NE which are functions of αi5 should have
different values though they have the same form as before. The Fresnel
coefficients are given by:
X12ee =
JEP
′
E −MEK ′E
JEPE −MEKE (116)
X12eo =
K ′E
JE
− c14X12ee (117)
R12ee =
1
b12
{b15 − b14X12ee − b13X12eo} (118)
R12eo =
1
α11
{α15 − α14X12ee − α13X12eo − α12R12ee} (119)
where
P ′E =
(
α45 − α41α15
α11
)
b12 −
(
α42 − α41α12
α11
)
b15 (120)
K ′E =
(
α35 − α31α15
α11
)
b12 −
(
α32 − α31α12
α11
)
b15 (121)
3.3. Ordinary Wave Incidence from Lower Medium (Region
2) to Upper Medium (Region 1)
Now we consider the wave is incident from the lower anisotropic
medium (Region 2) upon upper anisotropic medium (Region 1). When
the incident wave is an ordinary wave _o(ko2z), we can formulate the
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electric fields in each region as follows:
E¯1 = X21oo
_
o (ko1z) +X21oe
_
e (keu1z ) (122)
E¯2 =
_
o (ko2z) +R21oo
_
o (−ko2z) +R21oe_e
(
ked2z
)
(123)
We can express the boundary conditions as A · B = C with the same
A but different B and C, which are given below.
B=
X21ooX21oeR21oo
R21oe
 (124)
C=
α15α25α35
α45

=
1
g′u2

ko2z sinψ2 cosχ2 − ky cosψ2(
k2y+k
o2
2z
)
sinψ2 sinχ2−kx (ky sinψ2 cosχ2+ko2z cosψ2)
−ko2z sinψ2 sinχ2 + kx cosψ1(
k2x+k
o2
2z
)
sinψ2 cosχ2−ky (kx sinψ2 sinχ2+ko2z cosψ2)
(125)
The Fresnel coefficients are obtained as follows:
R21oe =
JEM
′
E − J ′EME
JEPE −KEME (126)
R21oo =
J ′E
JE
− c14R21oe (127)
X21oe =
1
b12
{b15 − b14R21oe − b13R21oo} (128)
X21oo =
1
α11
{α15 − α14R21oe − α13R21oo − α12X21oe} (129)
where
J ′E =
(
α35 − α31α15
α11
)
b12 −
(
α32 − α31α12
α11
)
b15 (130)
M ′E =
(
α45 − α41α15
α11
)
b12 −
(
α42 − α41α12
α11
)
b15 (131)
3.4. Extraordinary Wave Incidence from Lower Medium
(Region 2) to Upper Medium (Region 1)
Finally, for the extraordinary wave incidence from the lower layer
(Region 2) to the upper layer (Region 1), we can express the electric
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fields in each region as follows:
E¯1 = X21eo
_
o (ko1z) +X21ee
_
e (keu1z ) (132)
E¯2 =
_
e (keu2z ) +R21eo
_
o (−ko2z) +R21ee_e
(
ked2z
)
(133)
The equations of the boundary conditions can be expressed as A ·B =
C, where A is the same as before, but B and C are changed as follows:
B =
X21eoX21eeR21eo
R21ee
 (134)
C =
α15α25α35
α45
 = 1
D′U (k
eu
2z )
 kxE (k
eu
2z )− k22 sinψ2 sinχ2
−k22 (ky cosψ2 − keu2z sinψ2 cosχ2)
kyE (keu2z )− k22 sinψ2 cosχ2
k22 (kx cosψ2 − keu2z sinψ2 sinχ2)
 (135)
The reflection and transmission coefficients are given by
R21ee =
JEP
′′
E −MEK ′′E
JEPE −MEKE (136)
R21eo =
K ′′E
JE
− c14R21ee (137)
X21ee =
1
b12
{b15 − b14R21ee − b13R121eo} (138)
X21eo =
1
α11
{α15 − α14R21ee − α13R21eo − α12X21ee} (139)
where
K ′′E =
(
α35 − α31α15
α11
)
b12 −
(
α32 − α31α12
α11
)
b15 (140)
P ′′E =
(
α45 − α41α15
α11
)
b12 −
(
α42 − α41α12
α11
)
b15 (141)
4. LIMITING CASES
Now we check our results of the reflection and transmission coefficients
in several limiting cases. In some cases, they reduce to a simpler
form. We also want to check our results of arbitrarily oriented uniaxial
medium with those of the tilted uniaxial medium [5]. There are four
steps to obtain them because the results at each step are another
Fresnel coefficients for different cases. First we set χi = 0, i = 1
or 2. Secondly, we will let χ1 = χ2 = 0 and thirdly we will make
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χ1 = χ2 = 0 and ψi = 0 and εi = εiz, i = 1 or 2. This limiting case
reduces to the isotropic-anisotropic problem. Finally, χi = ψi = 0 and
εi = εiz, i = 1, 2 for the isotropic case.
4.1. Limiting Case 1: χi = 0, i = 1, or 2
We set χ1 = 0 and find that
g′u1 → gu1 (142)
g′d1 → gd1 (143)
D′U
(
ked1z
)
→ D(k
ed
1z)
U (144)
D′U (k
eu
1z ) → D(
keu1z )
U (145)
4.1.1. Ordinary Wave Incidence from Upper Medium (Region 1) upon
Lower Medium (Region 2)
In this case, we find that
b12 → K2 (k1, keu1z ,Ψ1,Ψ1) (146)
b15 → kxky (147)
α32 − α31α13
α11
→ −K1 (keu1z , k1,Ψ1,Ψ1) (148)
α35 − α31α15
α11
→ kx sinΨ1 cosΨ1 (149)
α42 − α41α14
α11
→ kxN1 (k1, keu1z ,Ψ1,Ψ1) (150)
α45 − α41α15
α11
→ −2ko1z
(
k2y cos
2Ψ1 −
(
k2x + k
o2
1z
)
sin2Ψ1
)
(151)
Then, coefficients reduce to
X12oe=
JENE−kxLeME
JEPE−KEME (152)
X12oo=−kx Le
JE
−KE
JE
X12oe (153)
R12oe=
DU (keu1z )
K2(k1,keu1z ,Ψ1,Ψ1)
{
2
kxkyk
o
1z
gd1
− b
′
14
D′U
(
ked2z
)X12oe+ b′13
g′d2
X12oo
}
(154)
R12oo=
gu1
(ko1z sinψ1 − ky cosψ1)
(ko1z sinψ1+ky cosψ1)
g′d1
+
kxE(ked2z)−k22 sinψ2 sinχ2
D′U(ked2z)
X12oe
−(k
o
2z sinψ2 cosχ2+ky cosψ2)
g′d2
X12oo− kx(ky sinψ1+k
eu
1z cosψ1)
DU(keu1z )
R12oe
 (155)
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4.1.2. Extraordinary Wave Incidence from Upper Medium (Region 1)
upon Lower Medium (Region 2)
In this case, we obtain
b15 → −K2
(
k1, k
ed
1z ,Ψ1,Ψ1
)
(156)
α45 − α41α15
α11
→ kxN1
(
k1, k
ed
1z ,Ψ1,Ψ1
)
(157)
α35 − α31α15
α11
→ −K1
(
ked1z , k1,Ψ1,Ψ1
)
(158)
K ′E → K ′e (159)
P ′E → kxP ′e (160)
X12ee=
kxJEP
′
e−K ′eME
JEPE −KEME (161)
X12eo=
K ′e
JE
−KE
JE
X12ee (162)
R12ee=
DU (keu1z )
K2 (k1,keu1z ,Ψ1,Ψ1){
−K2
(
k1,k
ed
1z ,Ψ1,Ψ1
)
D′U
(
ked2z
) − b′14
D′U
(
ked2z
)X12ee + b′13
g′d2
X12eo
}
(163)
R12eo=
gu1
(ko1z sinψ1−ky cosψ1)
−kx(ky sinψ1+k
ed
1z cosψ1)
DU(ked1z)
+
kxE(ked2z)−k22 sinψ2 sinχ2
D′U(ked2z)
X12ee
−(k
o
2zsinψ2 cosχ2+kycosψ2)
g′d2
X12eo− kx(kysinψ1+k
eu
1z cosψ1)
DU(keu1z )
R12ee
(164)
4.1.3. Ordinary Wave Incidence from Lower Medium (Region 2) to
upper Medium (Region 1)
The following coefficients are obtained as
R21oe=
JEM
′
E − J ′EME
JEPE −KEME (165)
R21oo=
J ′E
JE
− KE
JE
R21oe (166)
X21oe=
DU (keu1z )
K2 (k1,keu1z ,Ψ1,Ψ1)
{
b′15
g′u2
− b
′
14
D′U
(
ked2z
)R21oe + b′13
g′d2
R21oo
}
(167)
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X21oo =
gu1
(ko1z sinψ1 − ky cosψ1)
(ko2z sinψ2 cosχ2−ky cosψ2)
g′u2
+
kxE(ked2z)−k22 sinψ2 sinχ2
D′U(ked2z)
R21oe
−(k
o
2z sinψ2 cosχ2+ky cosψ2)
g′d2
R21oo− kx(ky sinψ1+k
eu
1z cosψ1)
DU(keu1z )
X21oe
 (168)
4.1.4. Extraordinary Wave Incidence from Lower Medium (Region 2)
to upper Medium (Region 1)
We obtain,
R21ee =
(JEP ′′E −K ′′EME)
(JEPE −KEME) (169)
R21eo =
K ′′E
JE
− KE
JE
R21ee (170)
X21ee =D′U (k
eu
1z )
{
b′′15
D′U (k
eu
2z )
− b
′
14
D′U
(
ked2z
)R21ee + b′13
g′d2
R21ee
}
(171)
X21eo =
gu1
(ko1z sinψ1 − ky cosψ1)
kxE(keu2z )−k22 sinψ2 sinχ2
D′U(keu2z )
+
kxE(ked2z)−k22 sinψ2 sinχ2
D′U(ked2z)
R21ee
−ko2z sinψ2 cosχ2+ky cosψ2
g′d2
R21eo − kx(ky sinψ1+k
eu
1z cosψ1)
D′U(keu1z )
X21ee
 (172)
where b′13, b′14 and b′15 (and b′′15) are the values of b13, b14 and b15 with
χ1 = 0, respectively.
4.2. Limiting Case 2: χ1 = χ2 = 0
Two optic axes in the two anisotropic media are in the same plane when
both χ1 and χ2 are zero. We then have the following coefficients.
X12oe =−2
DU
(
ked2z
)
gd1
ko1zkx
JeNe − LeMe
k2xJePe −KeMe
(173)
X12oe =2
gd2
gd1
ko1z
Le
Je
− gd2
DU
(
ked2z
)Ke
Je
X12oe (174)
R12oe =
DU (keu1z )
K2 (k1,keu1z ,Ψ1,Ψ1) 2
kxkyko1z
gd1
+
K2(k2,ked2z ,Ψ1,Ψ2)
DU(ked2z)
X12oe
−kx ky(k
o
1z+k2z) cos(∆ψ)+(k2y−ko1zko2z) sin(∆ψ)
gd2
X12oo
 (175)
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R12oo =
gu1
(ko1z sinψ1 − ky cosψ1)
ko1z sinψ1+ky cosψ1
gd1
+ kx
ky sinψ2+ked2z cosψ2
DU(ked2z)
X12oe
−ko2zsinψ2+kycosψ2gd2 X12oo−
kx(kysinψ1+keu1z cosψ1)
DU(keu1z )
R12oe
 (176)
X12ee =
DU
(
ked2z
)
DU
(
ked1z
) k2xJeP ′e −MeK ′e
k2xJePe −KeMe
(177)
X12oe =
gd2
DU
(
ked1z
) K ′e
kxJe
− gd2
DU
(
ked2z
) Ke
kxJe
X12ee (178)
R12ee =
DU
(
keu1z
)
K2 (k1,keu1z ,Ψ1,Ψ1)
−K2(k1,k
ed
1z ,Ψ1,Ψ1)
DU
(
ked1z
) + K2(k2,ked2z ,Ψ1,Ψ2)
DU
(
ked2z
) X12ee
−kx ky
(
ko1z+k
o
2z
)
cos(∆ψ)+
(
k2y−ko1zko2z
)
sin(∆ψ2)
gd2
X12eo
 (179)
R12eo =
gu1(
ko1z sinψ1 − ky cosψ1
)
−kx(ky sinpsi1 +ked1z cosψ1)
DU
(
ked1z
) + kx(ky sinψ2+ked2z cosψ2)
DU
(
ked2z
) X12ee
−ko2z sinψ2+ky cosψ2gd2 X12eo−
kx
(
ky sinψ1+keu1z cosψ1
)
DU
(
keu1z
) R12ee
 (180)
R21oe =−
DU
(
ked2z
)
gu2
kx
JeM
′
e − J ′eMe
k2xJePe −KeMe
(181)
R21oo =
gd2
gu2
J ′e
Je
− gd2
DU (ked2z)
Ke
kxJe
R21oe (182)
X21oe =
DU
(
keu1z
)
K2 (k1,keu1z ,Ψ1,Ψ1)
−kx ky
(
ko1z−ko2z
)
cos(∆ψ)+
(
k2y+k
o
1zk
o
2z
)
sin(∆ψ)
gu2
+
K2(k2,ked2z ,Ψ1,Ψ2)
D′U
(
ked2z
) R21oe
−kx ky
(
ko1z+k
o
2z
)
cos(∆ψ)+
(
k2y−ko1zko2z
)
sin(∆ψ)
gd2
R21oo
(183)
X21oo =
gu1
(ko1z sinψ1 − ky cosψ1)
ko2z sinψ2−ky cosψ2
gu2
+ kx
ky sinψ2+ked2z cosψ2
DU
(
ked2z
) R21oe
−ko2z sinψ2+ky cosψ2gd2 R21oo − kx
ky sinψ1+keu1z cosψ1
DU
(
keu1z
) X21oe
 (184)
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R21ee =
DU
(
ked2z
)
DU
(
keu2z
) k2xJeP ′′e −MeK ′′e
k2xJePe −KeMe
(185)
R21eo =
−gd2
DU
(
keu2z
) K ′′e
kxJe
− gd2
DU
(
ked2z
) Ke
kxJe
R21ee (186)
X21ee =
DU
(
keu1z
)
K2 (k1,keu1z ,Ψ1,Ψ1)
K2(k2,keu2z ,Ψ1,Ψ2)
DU
(
keu2z
) + K2(k2,ked2z ,Ψ1,Ψ2)
DU
(
ked2z
) R21ee
−kx ky
(
ko1z+k
o
2z
)
cos(∆ψ)+
(
k2y−ko1zko2z
)
sin(∆ψ)
gd2
R21eo
 (187)
X21eo =
gu1(
ko1z sinψ1 − ky cosψ1
)
kx
(
ky sinpsi2 +k
eu
2z cosψ2
)
DU
(
keu2z
) + kx ky sinψ2+ked2z cosψ2
DU
(
ked2z
) R21ee
−ko2z sinψ2+ky cosψ2gd2 R21eo −
kx
(
ky sinψ1+keu1z cosψ1
)
DU
(
keu1z
) X21ee
(188)
where
gdi =
[(
ko2iz sinψi + ky cosψi
)2 + k2x]1/2 , i = 1, 2 (189)
gui =
[(
ko2iz sinψi − ky cosψi
)2 + k2x] 1/2, i = 1, 2 (190)
DU (keiz) =
{[
(ky sinψi + keiz cosψi)
2 − ω2µεi
]
[
k2x + k
2
y + k
e2
iz − ω2µ(εi + εiz)2
]}1/2
, i = 1, 2 (191)
Je =− (ko1z sinψ1 cosψ2 + ko2z sinψ2 cosψ1)K2 (k1, keu1z , ψ1, ψ1)
+K1 (keu1z ,k1,ψ1,ψ1)[ky(k
o
1z+k
o
2z) cos(∆ψ)
+
(
k2y−ko1zko2z
)
sin(∆ψ)
]
(192)
Le =− sinψ1 cosψ1K2 (k1,keu1z ,ψ1,ψ1)+kyK1 (keu1z ,k1,ψ1,ψ1)(193)
Ne =
[
k2y cos
2 ψ1 −
(
k2x + k
o2
1z
)
sin2 ψ1
]
K2 (k1, keu1z , ψ1, ψ1)
+k2xkyN1 (k
eu
1z , k1, ψ1, ψ1) (194)
Ke =K1
(
ked2z , k2, ψ1, ψ2
)
×K2 (k1, keu1z , ψ1, ψ1)
−K1 (keu1z , k1, ψ1, ψ1)×K2
(
k2, k
ed
2z , ψ1, ψ2
)
(195)
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Me =

k2y (k
o
1z + k
o
2z) cosψ1 cosψ2
−ky
[(
k2x + k
o2
1z + k
o
1zk
o
2z
)
sinψ1 cosψ2
− (k2x + ko22z + ko1zko2z) cosψ1 sinψ2 ]
− (ko1z + ko2z)
(
k2x + k
o
1zk
o
2z
)
sinψ1 sinψ2

×K2 (k1, keu1z , ψ1, ψ1) + k2x [ky (ko1z + ko2z) cos(∆ψ)
+
(
k2y − ko1zko2z
)
sin(∆ψ)
]×N1 (k1, keu1z , ψ1, ψ1) (196)
Pe = N1
(
k2, k
ed
2z , ψ1, ψ2
)
×K2(k1, keu1z , ψ1, ψ1)
−N1 (k1, keu1z , ψ1, ψ1)×K2
(
k2, k
ed
2z , ψ1, ψ2
)
(197)
P ′e = N1
(
k1, k
ed
1z , ψ1, ψ1
)
×K2 (k1, keu1z , ψ1, ψ1)
−N1 (k1, keu1z , ψ1, ψ1)×K2
(
k1, k
ed
1z , ψ1, ψ1
)
(198)
K ′e = K1
(
ked1z , k1, ψ1, ψ1
)
×K2 (k1, keu1z , ψ1, ψ1)
−K1 (keu1z , k1, ψ1, ψ1)×K2
(
k1, k
ed
1z , ψ1, ψ1
)
(199)
P ′′e = N1 (k2, k
eu
2z , ψ1, ψ2)×K2 (k1, keu1z , ψ1, ψ1)
−N1 (k1, keu1z , ψ1, ψ1)×K2 (k2, keu2z , ψ1, ψ2) (200)
K ′′e = K1 (k
eu
2z , k2, ψ1, ψ2)×K2 (k1, keu1z , ψ1, ψ1)
−K1 (keu1z , k1, ψ1, ψ1)×K2 (k2, keu2z , ψ1, ψ2) (201)
M ′e =

−k2y (ko1z − ko2z) cosψ1 cosψ2
+ky
[(
k2x + k
o2
1z − ko1zko2z
)
sinψ1 cosψ2
− (k2x + ko22z − ko1zko2z) cosψ1 sinψ2]
+(ko1z − ko2z)
(
k2x − ko1zko2z
)
sinψ1 sinψ2

×K2 (k1, keu1z , ψ1, ψ1) + k2x [ky (ko1z + ko2z) cos(∆ψ)
+
(
k2y − ko1zko2z
)
sin(∆ψ)
]×N1 (k1, keu1z , ψ1, ψ1) (202)
J ′e = (k
o
1zsinψ1cosψ2−ko2zsinψ2cosψ1)K2 (k1,keu1z ,ψ1,ψ1)
−K1 (keu1z ,k1,ψ1,ψ1) [ky (ko1z − ko2z) cos(∆ψ)
+
(
k2y + k
o
1zk
o
2z
)
sin(∆ψ)
]
(203)
∆ψ = ψ1 − ψ2 (204)
where
K1(X,Y, ψ1, ψ2) =koρX cosψ1 cosψ2 + k
o
1z
(
Y 2 − k2y
)
sinψ1 sinψ2
−ky
[(
Y 2−k2ρ
)
cosψ2 sinψ1+ko1zXsinψ1 cosψ2
]
(205)
K2(X,Y,ψ1,ψ2) =
(
X2k2y+k
2
xk
o
1zY
)
cosψ1 cosψ2−ky
[(
X2ko1z−k2xY
)
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+ko1z
(
Y 2−k2y
)
sinψ1 cosψ2+
(
X2Y −k2xko1z
)
cosψ1 sinψ2
]
+
(
X2ko1zY +k
2
xk
2
y
)
sinψ1 sinψ2 (206)
N1(X,Y, ψ1, ψ2) =ky
(
X2−ko1zY
)
cosψ1 cosψ2
+
[
Y
(
k2x + k
o2
1z
)−X2ko1z] sinψ1 cosψ2
−k2yko1z cosψ1 sinψ2+ky
(
k2x+k
o2
1z sinψ1 sinψ2
)
(207)
4.3. Limiting Case 3: χ1 = χ2 = 0, ψi = 0, εi = εiz, i = 1 or
2 (Isotropic — Anisotropic)
Results agree with the results reported in [5] for isotropic and
anisotropic interface. Twelve coefficients out of sixteen are checked
analytically and all sixteen coefficients are checked numerically.
4.4. Limiting Case 4: χi = ψi = 0, εi = εiz, i = 1 and 2
(Isotropic — Isotropic)
The ordinary and extraordinary waves coincide with horizontally (TE)
and vertically (TM) polarized waves. The coefficients for the cross
polarized terms, RijHV , RijVH , XijHV , XijVH , are found to be equal
to zero, RijHV = RijVH = XijHV = XijVH = 0.
5. CONCLUSION
Fresnel coefficients for three-layered anisotropic media have been
obtained. The optic axes of two anisotropic media have been assumed
to be in arbitrary direction. The fields are expressed in terms of two
characteristic waves, i.e, the extraordinary wave and the ordinary wave.
Using the matrix method, the coefficients of the three-layer problem
are expressed in terms of half-space Fresnel reflection and transmission
coefficients. The half-space coefficients are obtained analytically for
the anisotropic-anisotropic interface, and are checked for four limiting
cases. It is shown that the results in the two limiting cases agree with
the existing results. Results presented here can be applied to dyadic
Green’s functions [26] and to radiation and scattering problems in the
presence of multi-layer uniaxially anisotropic media.
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